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ABSTRACT. We prove that the rate of convergence for the central limit theorem
in finite free convolution is of order n=1/2,

1. INTRODUCTION

In recent years, the convolution of polynomials, first studied by Walsh [8], was
revisited by Marcus, Spielman and Srivastava [6], in order to exhibit bounds for
the eigenvalues of expected characteristic polynomials of certain d-regular graphs,
in their aim to construct bipartite Ramanujan graphs of all sizes [7]. The authors
refer to this convolution as finite free additive convolution because of its relation
to free convolution, see [1, 5, 7].

In [5], Marcus showed that the Central Limit Theorem for this convolution is
given by the polynomial d~%2Hy(v/dzx), where Hy(x) is an Hermite polynomial
and may be written as
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In this note we prove that the rate of convergence in the Central Limit Theorem
is of order n~'/? as for the free case [2, 3]. However, we use the Lévy distance
instead of Kolmogorov distance, the reason being that we are dealing with measures
supported in d atoms with size 1/d and thus we cannot expect better.

Thus, for two polynomials of degree d, p and g, let us define the distance between
them to be L(p, q) := dr(up, ttq), where dy, is the Lévy distance and the measures
tp and g are the distributions of p and g, respectively.

In this language we can state our contribution as follows.

Theorem 1.1. Let d € N and let p be a real polynomial with m; = 0 and mg = 1.
Then, there exists an absolute constant Cy, only depending on d, such that for
all n >0,
Cy
NG

The main tool to prove the above rate of convergence are the cumulants for
finite free convolution, as we defined in [1]. These cumulants give a combinatorial
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approach to investigate this convolution and its relation to free probability. In
particular we showed that finite free cumulants approach free cumulants and thus
as finite free convolution approaches free convolution in the limit. Using these
cumulants we were able to show that some properties of free convolution are valid
already in the finite free case. The above theorem is another instance of the fact
that many properties in free probability already appear in the finite level.

Apart from this introduction this note consists of two sections. Section 2 gives
the preliminaries for the theory of finite free probability and in Section 3 we give
the proof of the main theorem, Theorem 1.1.

2. PRELIMINARIES

We give very basic preliminaries on finite free convolution we refer to [1, 5] for
details.

p
i

2.1. Finite Free Convolution. For two polynomials, p(z) = Z?:o r47i(=1)la
and ¢(z) = Z?:o z971(—1)%a?, the finite free additive convolution of p and ¢ is
given by

d , ,
p(x) Bq q(z) = Zxd_k(—l)k Z (d=ild = __j)!afag-.

| i — |
prs it dl(d —i—j)!

The finite R-transform of a polynomial is defined by

d il
(2.1) Rg(s) = —é% In <Z (_(le))ls’> mod [s7],
i=0 ¢

when p is the monic polynomial p(z) = S2% 4~ (~1)%a?.
We consider the truncated R-transform given by the sum of the first d terms in

the series expansion of Rg, which will have the cumulants as coefficients.

Definition 2.1 ([1]). Let p be a monic polynomial of degree d, and suppose the
R (s) satisfies

d—1
Ri(s) = Z kP s’ mod [s9].
=0

(1) We call the sum of the first d terms in the series expansion of R? the
truncated R-transform and denote by R%(s), i.c.

d—1
RY(s) = Z/@?HSJ.
=0

(2) The numbers xY, k5, ..., k% will be called the finite free cumulants.

We want to use the combinatorial framework in terms of moments for these
cumulants. Hence, for a polynomial p with roots Ay, ...., A\;, we define the moments
of p, by the formula m,,(p) = % Ele A

These finite free cumulants satisfy the following properties which are the analog
of the properties in the the axiomatization of cumulants by Lehner [4], in non-
commutative probability.
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(1) Polynomial in the first n moments: k,(p) is a polynomial in the first
n moments of p with leading term
d’ﬂ
——myn(p).
(@,

(2) Homogeneity: for all monic polynomial p(z) we have

kn(Dap(x)) = A" kn (p(2)),

where Dyp(z) := Ap(x/)) is the dilation by X # 0 of the polynomial p (of
degree d) and Dy(p(z)) = z4.
(3) Additivity: for all monic polynomials p and ¢, we have

kn(pBa q) = kn(p) + kn(q).

2.2. Moment-cumulant formula. Moment-cumulant formulas involve summing
over partitions on the set [n]. Let us introduce this definition and some notation.

Definition 2.2. We call 7 = {V4,...,V;.} a partition of the set [n] := {1,2,...,n}
if V; (1 <i <r) are pairwise disjoint, non-void subsets of [n], such that V4 UV,...U
V. ={1,2,...,n}. Wecall Vq,Vs,...,V, the blocks of 7. The number of blocks of
7 is denoted by |7|. We will denote the set of partitions of [n] by P(n).

The set P(n) can be equipped with the partial order < of reverse refinement
(r < o if and only if every block of 7 is completely contained in a block of
o). With this order the minimum is given by the partition with n blocks, 0, =
{{1},{2}, -+ ,{n}}, and the maximum is given by the partition with 1 block,
1, = {{17 2, 777‘}}

Thus one can consider the incidence algebra of P(n). For two partitions o, p in
the set of partitions P(n) the Mobius function is given by

ulo,p) = (=1)I7IPl )7 (3™ - ((n = 1)),

where 7; is the number of blocks of p that contain exactly i blocks of . In particular,
for o = 0,, we have

(0, p) = (=)™ Pl (31" (n — 1)),

where ¢; is the number of blocks of p of size i.
Given a sequence of complex numbers f = {f, }nen we may extend f to partitions
in a multiplicative way by the formula

e = fivitfival - fivals

where V7, ..., V, are the blocks of 7. In this note we will frequently use the multi-
plicative extensions of the Pochhammer sequence (d), = (d)(d—1)---(d—n+1)
and the factorial sequence n!, whose extensions will be denoted by (d), and N!,,
respectively.

In [1], we gave formulas that relate the moments and coefficients of a polynomial
and its finite free cumulants. First, we have a formula that writes coefficients in
terms of cumulants.

Proposition 2.3 (Coefficient-cumulant formula). Let p(z) = 320 a9~ (=1)¢al be
a polynomial of degree d and let (kE)_, be its finite free cumulants. The following
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formulas hold.

(2.2) a? = %

Z d™ (0, 7)KE, neN.
meP(n)

We also have a moment-cumulant formula for finite free cumulants:

Proposition 2.4. Let p be a monic polynomial of degree d and let (m,)>2, and
(kn)_;, be the moments and cumulants of p, respectively. Then

_ (=t lo| p(m, 1)
o= oy 2 A0 0m, 30
c€P(n) >0
forn=1,...,d and
(=" S e 3
n = 7 ’ o - 71n T
m dn-i—l(n _ 1)| o )d M(O O')K’ ~ [L(?T )(d)

forn € N.

Remark 2.5. The explicit moment-cumulant formulas of the first three finite cu-
mulants are

K1 = ma, kg = d%‘ll(mQ —m3),
d? 3
K3 = m@ml — 3mymg + m3),
and the explicit moment-cumulant formulas of the first three finite moments are
d—1 9
my; = Ki, m227f€2+ff17
S (d— 1C)lgd -2) K3+ S(dd— 1) P

2.3. Convergence of polynomials and Levy distance. In this setting of [1, 5]

convergence of polynomials is pointwise convergence of the coefficients. We prefer

to consider the weak convergence of the induced measures since it is common with

the free probability setting. Thus, for a polynomial p, with roots A1, Ao, ..., \,, we

define its distribution s, as the uniform measure on the roots of p, pu, = 1/d ", dy,.
To quantify this convergence we use the Lévy distance

dr(p,v) :=inf{e > 0| F(z —€) —e < G(z) < F(z+¢)+e forall z € R},
where F' and G are the cumulative distribution functions of p and v respectively.
3. ProOF oF THEOREM 1.1

Before going in to the proof of the main theorem we prove a couple of lemmas
about the support and cumulants of polynomials with mean 0 and variance 1.

Lemma 3.1. Let p be a real polynomial of degree d with ky =0 and ke = 1. Then
the support of p is contained in (—v/d —1,v/d — 1).
Proof. If ky =0 and ko = 1 then

d

d
1
1=ky = = -
k‘g d_1m2 d—l;)\z
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This means that A\? < d — 1 (strict because there is at least another non-zero \)
and thus [A\;| < vVd—1foralli=1,...,d. O

Lemma 3.2. Let p be a real polynomial of degree d with k1 =0 and ke = 1. Then
there exists a constant cq, depending exclusively of d, such that maxe<s<q|ks(p)| <
Cd.

Proof. By the previous lemma m,, < (d—1)" and then maxs<s<4 |ks(p)| < (d—1)%,
so we can bound uniformly k, by the moment-cumulant formulas. O

Now we are able to prove the main theorem which we state again for convenience
of the reader.

Proposition 3.3. Let p be a real polynomial with ki =0 and ke = 1. Then, there
exists Cy such that for allm > 0

e

v

Proof. Let us denote h = d~%?Hy(\/dzx), p, = pP™ and ¢, = Dy /m(pn). By the
coefficient-cumulant formula, we know that

d)m
atp = Do S (0, me
T weP(m)

L (Dl/\/ﬁ(pEd”Ld_d/?Hd(\/gx)) <

R D DR LTS
Te€P(m)\P12(m)
where P12(m) is the set of partitions 7 = (V4,...,V,) € P(m) such that |V;| < 2
for all i € {1,...,r} (i.e., # = (V1,..., V) € P(m)\P12(m), if |V;| > 2 for some
ie{l,...,r}).
Recall that

n —s
[5s(qn)| = |is(Dy s (Pn))| =~ s ()] < n'=%,

for s = 3,...,d, where ¢ = maxo<s<q|ks(p)|. Thus, for any 3 < m < d and
7= (Vi,...,V;) € P(m)\Pi2(m) we get
(3.1)  |ke| < -n"-n” R - <nFTE =nF <elns,

Then,

K (d
|a,%;‘—aﬁlgc\/%(), Ym e {1,...,d}
where )
_ (d)m B
K = 2y 2 A0
m€P(m)\Pi2(m)
Let’s denote 21, 29, - - - , zq the d distinct roots of h and § = % mini <;<j<a |2 —2;|.

For 0 < e < 0 wedefine B, ={z€C:|z—2z]| <e}and D, =9B;, = {z € C:
|z — z;| = €}. For a fixed root i, using the previous bound we can see that for any
z € D; we have that

d d
lan(2) = h(2)| < | D 2 (=)™ (afs —af)| < Y |2 afy — aly|
m=1

m=0
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d
< Cdl\jlﬁ(d) Z(|Zi| +leht ™ < CdKl(j)ﬁKz(d)

m=1
where
d
_ X d—m
Ka(d) = max 1(\%I +el)
m=

On the other hand, if z € D;, we know that
|h(z)=[(z=20) - (z—zn_1)| =z — 21| - |z — 20| > |2 — zi\(;d*l =god 1,

Finally, if we take

where K (d) = W and C(p) = c*. Since ¢**K(d) does not depend on i, we
get that for any i =1,...,n, if z € D;, then

CdK1 (d) K2 (d)
Jn

Thus, Rouché’s theorem implies that g, and h have the same number of roots
(counting multiplicity) in B; for ¢ = 1,...,n. By the definition of the B; we know
that they are pairwise disjoint and each one contains exactly one of the d roots of
h. Thus, each B; contains exactly one of the d roots of ¢, implying that distance
between the roots of g, and h, (and therefore de Lévy distance) is less than e. O

|gn(2) = h(2)] < < &bt < Jh(2)] < |h(2)] + lgn(2)].

Observe that Theorem 1.1 directly gives a bound for T in the next proposition.

Proposition 3.4 ([1]). Let p # x% be a real polynomial, then there exists T > 0
such that for all t > T the polynomial pPt has d different real roots.

Finally, we show that one cannot do better than O(y/n) as long as ms(p) # 0.

Proposition 3.5. Let p be a real polynomial with k1 = 0 and ka = 1 and |mg| =
A #£ 0. Then, there exists Co depending on A such that for alln >0

L (D Han d- d/2H )

1/\/ﬁ(p )s d(\fﬂf) Z 3d\f
Proof. We use again the notation h = d~%2Hy(\/dz), p, = p®" and qn =
Dy /m(pn) and suppose that L(gn,h) = L (pEEd",d’d/sz(\/ﬁm)) 3df Since
k1(gn) = 0, from the moment cumulant formulas we have m3(g,) = (dl()i# 3(qn)
and then

Ima(gn)| = 02D |y (g,,)| = W=D T m3(p)|

A
a2 3/2‘H3(p)|: \/ﬁ *%

Since mg(h) = 0, we can compute

d
gz A (an) _dzA3qn

Q.M—‘
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and thus
1
Ima(gn)| < P Z PHOBEPHD]
1
= 3 D (@) = M) 1N (@) + Ai(gn) Xi(h) + X (B)]
i=1
< IS (A Varara=
d = \3dyn - Vn.
This is a contradiction since the inequality is strict. O

Remark 3.6. A specific example with k3 # 0 is the finite free Poisson distribution
which has cumulants k,, = A for all n. If \d is a positive integer we obtain a
valid polynomial. This is a modification of a Laguerre polynomial, thus we obtain
a precise estimate for the difference between the roots of Laguerre and Hermite
polynomials.

Remark 3.7. A closer look at (3.1) shows that if mg(p) = 0 then the convergence
rate is of order 1/n. Indeed, ms(p) = 0 implies k3(g,) = k3(p) = 0. So in (3.1) we
only need to consider partitions with |V;| > 4. In this case, for any 4 < m < d we
have

A3

=c'n”T <cnl.
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